We study an "observable-based" notion of equilibration and its application to realistic systems like spin qubits in quantum dots. On the basis of the so-called distinguishability, we analytically derive general equilibration bounds, which we relate to the standard deviation of the fluctuations of the corresponding observable. Subsequently, we apply these ideas to the central spin model describing the spin physics in quantum dots. We probe our bounds by analyzing the spin dynamics induced by the hyperfine interaction between the electron spin and the nuclear spins using exact diagonalization. Interestingly, even small numbers of nuclear spins as found in carbon or silicon based quantum dots are sufficient to significantly equilibrate the electron spin.
I. INTRODUCTION
The theoretical understanding of the notion of equilibration in closed quantum systems has significantly developed in recent years. [1] [2] [3] [4] [5] [6] [7] [8] [9] In the absence of a thermal bath and the presence of quantum fluctuations, the classical concepts of the physical and mathematical description of equilibration do in general not work anymore. 10 Therefore, it is of utmost importance to first properly define what we mean by equilibration in closed quantum systems that can even be in a highly non-thermal state. This difficult task is one of the driving forces of the research area of quantum thermodynamics. Useful concepts imply different definitions of equilibration. For instance, many authors identify equilibrium with the saturation of the expectation values of certain observables.
5,10-12
These ideas are appealing as they are intuitive and the relevant quantities are measureable. However, as it is argued in Ref. 3 , this definition is not satisfying because the measurable probabilities of the outcomes of an observable may still be dynamical while its expectation values has saturated. In our article, we start from a more sophisticated concept 3, 4 and link it to the above discussed ideas of saturating expectation values. Doing so, we connect abstract definitions of quantum equilibration to a very concrete experimental system where one could potentially see this exciting physics.
The system we have in mind is an electron spin confined in quantum dot (QD) that functions as a spin qubit. 13 In typical host materials, like GaAs, [14] [15] [16] silicon [17] [18] [19] [20] [21] [22] or carbon, [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] the electron spin is coupled to many nuclear spins by the hyperfine interaction.
40,41
The number of nuclear spins that matters for the electron spin depends on the size of the QD, i.e. the confinement, and the natural abundance of nuclear-spin carrying isotopes of the host material. In practice, this number can range between very few nuclear spins (in silicon-or carbon-based systems) [42] [43] [44] [45] [46] [47] [48] to millions (in GaAs-based QDs). [14] [15] [16] In recent years, the experimental control of spin qubits in QDs has developed to a state of perfection at the single-and two-qubit level. [14] [15] [16] It is possible to initialize, manipulate, 22, [49] [50] [51] [52] [53] [54] [55] [56] [57] [58] [59] [60] and read-out [61] [62] [63] spin qubits with a very high precision and to even engineer the state of the nuclear spin bath [64] [65] [66] [67] [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] to increase coherence times. These remarkable experimental achievements have been accompanied by sophisticated theoretical research, [78] [79] [80] [81] [82] [83] [84] [85] [86] which has promoted the understanding of spin dynamics in QDs with regard to the hyperfine interaction. Therefore, we believe that these systems are ideally suited to study predictions related to quantum equilibration.
First, we have to introduce a general theory of equilibration of the closed quantum system that fulfills all the requirements of the realization that we have in mind. This will be done on the basis of the distinguishability 3, 4 which is a measure to distinguish the actual state of a quantum system from its equilibrium state on the basis of a finite set of observables. If the values of the distinguishability are on average smaller than a given reference value ε we argue that the quantum system is ε-equilibrated. In order to connect our concept of equilibration with experimentally measurable predictions, we first relate the distinguishability with the weak distinguishability, 3, 5, 8 which offers an equivalent description of equilibration under special conditions (for twooutcome observables). The time-averaged weak distinguishability (TAWD), however, is capable to bound variances of expectation values from above. We have analytically derived certain bounds for the TAWD, which depend on the Hamiltonian and the initial state of the quantum system. As a consequence, our analytical equilibration bounds for the TAWD should directly affect the experimentally determined variance of the measurement operator. Therefore, it should be possible to modify the system at hand such that the bounds are varied and to see the difference in a direct measurement of the variance. Evidently, this is a concrete prediction of an observable consequence of quantum equilibration.
With this prediction at hand, we eventually try to better understand quantum equilibration by looking at our central spin model mentioned above. In order to calculate the TAWD here, we treat very simple observables like the electron spin operator in direction parallel or perarXiv:1506.07697v2 [cond-mat.mes-hall] 26 Oct 2015 pendicular to an external magnetic field. Since we employ exact diagonalization 80, 83, [87] [88] [89] for this calculation, we are limited to a finite number of nuclear spins (up to 10). However, in state of the art QDs based on silicon or carbon host materials, such numbers of nuclear spins are within experimental reach. [42] [43] [44] [45] [46] [47] [48] Hence, the finite size effects we analyze in this article should eventually be experimentally relevant. We find that our analytical results of bounds of the quantum equilibration describe very well the numerical simulations based on the central spin model for compatible conditions. This makes us confident that our predictions can be really seen in measurements of the spin dynamics of a confined electron spin coupled to a bath of nuclear spins.
The article is organized as follows. In Sec. II, we explain the notion of equilibration employed in this work and introduce the (weak) distinguishability used to describe it. Subsequently, in Sec. III, we will derive analytical results of equilibration bounds. In Sec. IV, these general results are then compared to a central spin model of an electron spin in a QD coupled to a quantum bath of nuclear spins. We conclude in Sec. V with a summary of our main results. Some derivations are presented in three Appendices.
II. BASIC CONCEPTS OF EQUILIBRATION
In this section, we briefly describe known concepts of quantum equilibration for future reference. We consider a closed quantum system whose stateρ(t) evolves according to the von Neumann equationρ(t)
whereĤ is the d dimensional Hamiltonian of the total system H. Due to the unitary time evolution, each finite quantum system obeys a recurrence time T R > 0, at which the state of the system approaches within some accuracy its initial state. However, this time does not play a role in most experiments as it scales exponentially 90 with the dimension of H and is almost always much larger than the age of the universe. With the commonly used and well-defined time-averaged state
one circumvents recurrence problems. Throughout this article, f t = Analogously to earlier works 3-5 , we regard a quantum mechanical system to be in equilibrium if one cannot distinguish between the stateρ(t) of the full system and its equilibrium stateω for most times by applying a finite set of measurements F = {Ô i } that can be performed in an experiment. These measurements are not restricted to subspaces of the whole Hilbert space. Hence, this definition does not rely on the subdivision of the full quantum system into a small, measurable system and a large, not measurable bath.
For the above notion of equilibration, it is not sufficient that the expectation value of an observableÔ = i λ jPj saturates, since ρ(t) and ω can still be distinguished by the (experimentally) measurable probabilities tr[ρ(t)P j ] of its eigenvalue λ j . Rather each of these time-depend probabilities has to saturate in order to guarantee indistinguishability. Considering this necessity, Short 3 has introduced the distinguishability
as a proper measure of distance betweenρ(t) andω. Mathematically, it is closely related to the trace distance, but considers the finite number of accessible measurement operators. In contrast to the trace distance, however, this measure is not a metric, but a semi-metric since d F (ρ(t),ω) = 0 is possible forρ(t) =ω. This behavior is important, because it permits the desired property of equilibrated states: A sufficient condition for equilibrium is that one is not capable to distinguish the state of the systemρ(t) fromω for most times by the set F of measurements. In order to account for the fact that the state of the system must be indistinguishable for most times during the time evolution, one can demand the time-average of the positive quantity d F (ρ(t),ω) to be small. 3 Consequently, we regard a system to be ε-equilibrated at time t if
where ε is a small positive constant, which we are free to choose. A reasonable choice for this constant is, for instance, the precision of the measurement devices in an experiment. Further, we call systems equilibrating in a time interval I if the time-averaged distinguishability d F (ρ,ω) t decreases on average within I. By introducing the distinguishability and its time average in Eq. (3), we achieved a suitable mathematical definition of our concept of equilibration. However, the distinguishability cannot be measured directly in an experiment. Yet, with a slight modification of the distinguishability, one can find the so-called weak distinguishability
This quantity is unlike the distinguishability d F (ρ(t),ω) only given by the expectation values ofÔ 98 with respect to bothρ andω, but does not depend on the probabilities to measure individual eigenvalues. Hence, the weak distinguishability carries the same unit as the squared Connection between equilibrium, distinguishability, weak distinguishability, and expectation values. For clarity within this figure, we assume that only one observableÔ is measurable, i. e. F = {Ô}. IfÔ is a measurement with only two possible outcomes a = b, the weak distinguishability is equivalent to the distinguishability. Therefore, saturated expectation values are then a necessary and sufficient condition for equilibrium. measurement operator and takes values between 0 and 4 Ô 2 , where Ô is the spectral norm 99 ofÔ. As we will show below, the long-time average of the weak distinguishability can be identified with the variances of the observable, which can be determined in an experiment. A small time-averaged weak distinguishability (TAWD) DÔ t < ε Ô 2 is a necessary condition for dÔ(ρ(t),ω) t < ε 1 and, hence, according to Eq. (3) for the system to be in equilibrium. If two-outcome mea-
considered, both quantities are even equivalent as they are then related to each other by
In Fig. 1 we summarize these dependencies and the connection to equilibrium. As a last property of the TAWD, we show in App. A that the TAWD
is separable in a time-independent part ∆Ô and a timedependent part δÔ(t), which decreases at least with δÔ(t) = O(t −1 ) for t → ∞. This behavior will play an important role for relating the TAWD to measurable quantities in the next section.
III. EQUILIBRATION BOUNDS Weak distinguishability vs. variance
As argued above, the TAWD is a useful quantity to describe equilibration in closed quantum systems. Moreover, it is directly related to measurable properties of the system under consideration. As we explicitly derive in App. B, the variance VarÔ(t, ∆t) of expectation values
where the size ∆t of the time interval I needs to be sufficiently large. More precisely, ∆t must be of such a size, that DÔ t does not increase on average within I. The above estimate even turns into an equality if DÔ t is constant within I. According to Eq. (6), this is the case for each system and all observables at long times because the TAWD converges. Consequently, its infinite-time limit
equals the variance of expectation values in any time interval I at long times. Since the time-dependent part δÔ(t) can decay much faster than O(t −1 ), this saturation will be already reached within finite times for many systems. Note that ∆Ô is the variance of expectation values ofÔ that does not arise from measurement errors but from fluctuations within the finite quantum system. Hence, a valid interpretation of ∆Ô is a measure of the capability of the system to equilibrate with respect toÔ. The smaller ∆Ô the less fluctuations of the expectation values ofÔ(t) around tr[ωÔ] are present.
Useful equilibration bounds at large times
As we elaborately show in App. C, the long-time values of the TAWD can be estimated in different manners giving rise to the bounds
Before we discuss and compare these findings, we focus on the quantities they depend on. First, in all bounds the maximum degeneracy N G of gaps in the energy spectrum of the Hamiltonian enters, whose size is, hence, crucial for them to be of reasonable magnitude. Note that it is not sufficient to have a non-degenerate eigenvalue spectrum in order to reach N G = 1. 
Thus, the rank ofÔ should be small while the mixture of the initial stateρ should be high, since d eff scales as d for very mixed states while ρ 2 scales as d −2 .
Generalization to finite times
So far we have focused on the behavior of the TAWD for long times. However, according to Eqs. (6) and (7), we can even give estimates for finite times provided that one can bound the time-dependent part δÔ(t). As we have discussed, δÔ(t) is at least decaying as t −1 in the long-time limit. In a recent analysis, L. P. García-Pintos and coworkers 8 have derived many interesting properties of the TAWD. Among other things, the authors have bounded the time dependent part of the TAWD by δÔ(t) ≤ L t , where L is a constant that dependents on ρ,Ĥ, andÔ. Combining this equation with our previous results, we find: Given a system with arbitrary initial stateρ, HamiltonianĤ and an arbitrary observablê O, we can estimate the variance of expectation values around the long-time average tr[ωÔ] within any time interval [t, t + ∆t] by
The infinite-time bounds ∆ iÔ are given in Eqs. (9) to (11) .
If one of the ∆ iÔ turns out to be a small number andÔ is a two-outcome measurement, the system will equilibrate in the sense defined in Sec. II. In that sense, ∆ iÔ gives an estimate for the ability of a closed quantum system to equilibrate. Even if this concept of equilibration is not used, the above bounds still estimate the variances of observables in any closed system correctly.
IV. APPLICATION TO SPIN MODELS A. Central spin model basics
In this section, we apply the general concepts of equilibration explained above to a specific, realistic system. This allows us to show the physical significance of the above ideas for experiments. In particular, we make concrete predictions on measurable properties of an electron spin in a QD, [14] [15] [16] 40, 41 which is interacting with the nuclear spins of the host material.
Besides this hyperfine interaction (HI) between the electron spin and the nuclear spins, we consider an external magnetic field, which is commonly used to split the Zeeman levels of the spins. In many experimental setups, further effects such as direct interactions between nuclear spins and spin-orbit mediated effects are negligible.
14,15,89 These interactions are, thus, not taken into account in our model. By this choice of the interactions, we construct a minimal model, which is realized by several experimental setups.
14-16,40,41
Prominent examples are devices made from group IV elements, which exhibit nuclear spin-less isotopes. Isotopic purification of carbon or silicon allows to manipulate the number of nuclear spins present in the QD.
42-48
This possibility allows to probe the influence of the system size on our bounds in Eqs. (9) to (11) .
In the following, we are especially interested in how the nuclear spins will equilibrate the electron spin. Since the observables of the electrons spinŜ x,y,z all have two outcomes, the distinguishability and the weak distinguishability are equivalent according to Eq. (5). The saturation of the expectation values of spin operators, hence, corresponds to the equilibration of the full system -given that they are the only accessible measurements.
After these general considerations, let us introduce the total HamiltonianĤ =Ĥ HI +Ĥ ZE describing our model in more detail. Although our qualitative results are independent of this choice, we choose a graphene QD 89, [91] [92] [93] as a reference in order to benefit from previous results.
89
Then, the HI Hamiltonian is given bŷ
where the energy scale of the HI 94,95 is A HI = 0.6 µeV and the number of nuclear spins is K. We use dimensionless spin operatorsŜ x,y,z ,Î x,y,z ,Ŝ ± =Ŝ x ± iŜ y , and I ± , analogously. The probability to find the electron at the site of the k-th nuclear spin is given by the absolute value of the envelope function |φ k | 2 ≥ |φ k−1 | 2 . The strongest HI coupling A HI |φ K | 2 defines the characteristic time τ HI = /(A HI |φ K | 2 ). Whenever we average over different initial conditions, we maintain a maximum ratio of |φ k | 2 /|φ j | 2 < 100 for all k, j. For qualitative results, we present the results for an exemplary set of coupling constants as we have found similar results for many randomly generated sets of coupling constants.
The effect of an external magnetic field B z is described by the Zeeman Hamiltonian
where b is the strength of the field in units of the strongest HI coupling. Note that the nuclear spins couple only very weak to external magnetic fields compared to the electron spin: in carbon we find γ = gNµ N gµB ≈ 4 × 10 −4 . Besides the Hamiltonian, the time evolution of observables depends on the initial stateρ. In the following, we choose product statesρ =ρ el ⊗ρ nuc , wherê ρ el = |ψ el ψ el | andρ nuc describe the uncorelletad initial states of the electron and nuclear spins, respectively. This assumption is plausible since the initial state of the electron spin can be experimentally well prepared in a pure (polarized) state by means of an external magnetic field 14 , using light in optically active QDs 15,58-60 , or by suitable pulse sequences in double QD setups.
16,22,49-57
The nuclear spins, however, will on average be in an unpolarized state if no further efforts are undertaken in an experiment. Since experimentally relevant temperatures are on the order of mK to K 14,15 , the thermal energy exceeds all other energy scales of the nuclear spins by far. On top of that, to follow the time evolution of the electron spin, many repetitions of the experiment are needed. Since each of these runs start with a different initial state, the nuclear spin state can be described by a totally mixed stateρ nuc = 1/2 K on average. However, the nuclear spin state can be also manipulated by means of dynamical nuclear polarization 65, 66, 68, 70, 71 and state narrowing, 64,69,72-75 which allow to significantly polarize the nuclear spins and to change the composition of the initial state of the nuclear spins.
102 Motivated by these experimental possibilities, we also investigate the effect of polarized initial states of the nuclear spins by using a Gaussian distribution of states.
With both, the Hamiltonian and the initial state given, the time evolution of the density matrix and, hence, of every observable in the system can be calculated by exact diagonalization 80, 83, [87] [88] [89] , which is performed using the EIGEN 96 package for C++.
B. Spin dynamics
Once the time evolution of an observable is known, its variance, the weak distinguishability and the TAWD defined in Sec. II are readily calculated. This enables us to demonstrate, that the TAWD indeed bounds the variances of an observable.
As an example, we show the evolution of S x (t) in Fig. 2 . At times t ∼ τ HI , the initially polarized electron spin begins to oscillate with decreasing amplitude around its long-time average S x ∞ ≈ 0. The square root of the weak distinguishability √ DŜ and K = 6 nuclear spins with random coupling constants. Initially, the electron spin is maximally polarized in x-direction while the nuclear spins are in the totally mixed state. The square root of the TAWD
bounds the standard deviation of Sx(t) for all times and converges to it for large times. For comparison, we plotted the analytically derived bounds given in Eq. (13) and Eq. (10) . Note that all quantities are dimensionless.
large times, the TAWD DŜ x t saturates to a finite value whose size corresponds to the quantum fluctuations in our finite model. As explained above, the TAWD in turn can be bounded itself by the analytical expression given in Eq. As explained above, the properties of the TAWD and its bounds depend on the Hamiltonian of the system. Thus, one should test how different Hamiltonians alter the equilibration. In a QD, the easiest way to change the Hamiltonian is to modify the external magnetic field. By varying b over approximately two orders of magnitude, we sweep from a situation in which the electron spin couples most strongly to the nuclear spins to a scenario where the Zeeman coupling is dominant. In Fig. 3 , we compare the TAWDs ofŜ x andŜ z . For both spin components, we observe that equilibration sets in approximately at time τ HI and reduces the initial values of the TAWDs roughly by two orders of magnitude for all values of b. As we discuss later, the size of this reduction depends on the number of nuclear spins. In fact, even high values of b cause only Lamor oscillations ofŜ x at small times τ ZE ∝ b, but do not change the overall equilibration behavior. Besides this, the only effect of large magnetic fields is a reduced initial value of the TAWD forŜ z . This can be under- The electron spin is initially polarized in x-and z-direction, respectively. Apart from that, the same parameters as in Fig. 2 have been used. a) All TAWD s start with the same value and show oscillations on a timescale τZE ∝ b. The actual equilibration starts at τHI. b) The TAWDs start with a different value for different b. The equilibration due to the HI also starts at τHI. stood as follows. As the electron spin is initially fully polarized parallel to a strong magnetic field, its initial state is almost fully preserved, since the flip-flop terms of the HI are suppressed due to the large Zeeman splitting of the electron spin states. In other words, the electron is initially approximately in an eigenstate of the total Hamiltonian for strong external magnetic fields. Hence, ρ is already initially close toω and, as a consequence, indistinguishable fromω by means ofŜ z . Similar effects can be found for polarized states, which we approximate by a Gaussian distribution of states characterized by a mean polarizationp and a standard deviation σ p . First, we have fixed σ p = 0.3 and varied the mean polarization between p = 0 and p = 0.75 for a system containing K = 6 nuclear spins. Since the initial states approach eigenstates of the total Hamiltonian for increasing polarization, we observe a decreasing initial distinguishability DŜ z (0). Due to the HI, the TAWD DŜ z ∞ saturates again around a value, which is about two orders of magnitude smaller than its initial size. For larger polarizations this reduction becomes smaller, since the HI spin flip-flops become less effective. These findings are consistent with a smaller effective dimension d eff of polarized initial states in Eq. (11) . Analogous simulations with standard deviations in an interval 0.15 < σ p < 0.75 show no significant differences to these observations.
C. Size dependence of the bath
We finally want to address the question how many nuclear spins are required in order to treat them as a bath. By adding more and more nuclear spins, no sudden change is observed but the fluctuation of spin components of the electron decrease exponentially with the number of nuclear spins, cf. Fig. 4 .
The numerically obtained values of the long-time TAWD are about one order of magnitude smaller than the presented bound ∆ 2 Sz . Considering the estimates made and the generality of the bound, this is still a fairly good result. Fig. 4 also suggest that quantum fluctuations may decrease even faster with increasing system size than our analytic bounds require. Note that this K-dependence of the equilibration properties is not limited to mixed states only. Reconsidering previously obtained data 89 , we have calculated the effective dimension for randomly chosen pure initial states of the nuclear spins. For these states, it scales approximately with
in Eq. (11), this dependence also gives rise to an exponential decay of DŜ z ∞ , which is confirmed by our numerics. 89 As discussed by Reimann 5 , the effective dimension of almost all states grow exponentially with the size of the system. Hence, such a decay is a rather generic result, which can be understood as follows. If we add a nuclear spin to the system, we double both the size of the Hilbert space and the number of energies driving the dynamics of the electron spin, which finally leads to the observed reduction of fluctuations.
We can indeed generalize these findings to other quantum systems that differ from our model, e.g. a central spin model with isotropic hyperfine interaction or even topologically different models like spin chains. Given that the effective dimension d eff ∼ d scales exponentially with the bath size, either due to totally mixed bath states or due to randomly chosen pure initial states, 5 we can use the bound in Eq. (11) to deduce the following statement. The number N of bath spins that are sufficient to saturate an electron spin in some arbitrary quantum model increases only logarithmic with the inverse resolution 1/r of the measurement:
where c = d eff /d 1. For a resolution r = 0.01 and an initial state far away from an energy eigenstate (c → 1), the electron spin components equilibrate in any quantum model with non-degenerate gaps (N G = 1) if the electron is coupled to more than 11 bath spins. As our model demonstrates, even less bath spins N ≈ 7 are capable of equilibrating the electron spin components below this resolution in experimentally relevant scenarios. dependence. We average over at least 100 (40 for K = 10) sets of random coupling constants |φ k | 2 and show the mean value with the standard deviation as blue points. Besides a magnetic field of b = 0.05 we use the totally mixed state for nuclear spins but polarize the electron spin in z direction.
V. SUMMARY AND DISCUSSION
In summary, we have shown how a general theory on equilibration can be applied to a realistic closed quantum system. We have introduced a specific understanding of equilibration relevant for our system under consideration and analyzed its properties by analytical calculations. Afterwards, we have applied this concept to a model of electron and nuclear spins in a solid state QD, which we have investigated by numerical simulations.
A system is assumed to be in equilibrium, if an observer cannot distinguish, for most times, between the actual state of the system and its equilibrium state using a finite set of measurements. Notably, two observers with different measurement sets could come to different conclusions. This equilibrium state is not necessarily a thermal state since it can, for instance, depend on the initial state of the system. The distinguishability between the state of the system and its equilibrium state can be quantified by a suitable "measure of distance". In this article, we consider the so-called weak distinguishability which vanishes whenever the system is in equilibrium. For two-outcome measurements, we have been able to show that a saturation of the corresponding expectation values is equivalent to equilibration. Furthermore, we have demonstrated how the variance of a time-dependent observable can be bounded by this weak distinguishability, which has allowed us to connect this abstract mathematical function to an experimentally measurable quantity. We have also derived three different bounds for the time-averaged weak distinguishability and thereby recovered one previously known bound by means of a new method. 3 We have therefore been able to predict upper limits to the size of fluctuations in small closed quantum systems.
Applying our analytical results to a QD setup in which an electron spin is coupled to nuclear spins of the host material through the hyperfine interaction enables us to make precise predictions. Since this spin system is typically well isolated from its environment, QDs can be considered as a closed quantum system for sufficiently short time scales. We have simulated the time evolution of the total spin system and have analyzed its dependence on experimentally accessible parameters such as the strength of an external magnetic field and the polarization of the initial state of the nuclear spins. Intriguingly, we have discovered cases in which strong magnetic fields do not prevent the electron spin from equilibration, while a polarized bath always diminishes the equilibration capability. Finally, we have also investigated the importance of the number of nuclear spins on equilibration properties. We show both analytically and numerically that very small amounts of bath spins are sufficient to fully equilibrate the electron spin in our model. The analytical results even hold for a wider class of spin models, and, thus are not limited to our specific model.
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Appendix A: Saturation of variances
In this Appendix, we show that one can separate DÔ t = δÔ(t) + ∆Ô in a time dependent part δÔ(t) that vanishes at large times and a time independent part ∆Ô. To do so, we follow a previous analysis 8 and use the fact that the matrix elements ω ij = E i |ω|E j ofω in energy space are given by
where E i is the energy of the i-th eigenvector |E i ofĤ. Now, we can rewrite the TAWD by
The last step is possible because for all n, m with ω nm = 0 follows E n = E m (see Eq. (A1)). Therefore, ω nm e − i (En−Em)t is time independent. We define v α = (ρ nm − ω nm )O mn and gaps G α = E n − E m . Note that α is an abbreviation for a double index, running over all d 2 gaps. We then find
We can exclude the cases G α = G β = 0 in the second term because G α = 0 implies v α = 0. Note that δÔ(t) vanishes at least with 
The latter bound holds for all systems that approach equilibrium in the sense defined above. If a system is already equilibrated, the TAWD DÔ t is no longer decreasing such thats(t) = 0. Note that in this limit, the estimate for the variance becomes exact. This is also the case at large times, where DÔ t of each system saturates as we explain above in App. A.
Appendix C: Infinite time estimates
In the following, we show how to estimate ∆Ô using only basic information about the system. For this purpose, we start with the long-time limit of Eq. 
where the sum in the last step is symmetrized by defining a parameter j to run over all distinct values of energy gaps, while a and b run over all n j gaps of size G j . Therefore, v j a belongs to the a-th gap of size G j = 0. We estimate the symmetric double sum by 
where {x i } is a set of N arbitrary complex numbers. Applying this relation to Eq. (C1), we obtain
which even is an equality as long as all gaps are not degenerate, i. e. n j = 1 ∀j. With the maximum degeneracy of energy gaps N G = max j n j , we find
where both sums combined run over all d 2 gaps in the energy spectrum. In the previous notation this reads
We now insert the definition of v α and use |ρ nm − ω nm | ≤ |ρ nm |, which follows from Eq. (A1 
